The object of this paper is to improve and extend Theorem 1. The proof that we present is also simpler than that of [l] . 225
2. NOTATION Here, we explain the notation used. Let t B 0 and F, be the set of multiplicative functions F: { 1,2, 3, . ..) --t [0, oo), which satisfy F(p) > t for all primes p. Also, we denote by G, the set of all multiplicative functions G: ( 1, 2, 3, . 3 -+ [0, cc) which satisfy t 3 G(p) > 0 for all primes p.
For squarefree integers n, we write
Also we write, A(t) = inf (a( t, m) : m squarefree) B( t ) = sup (6( t, m) : m squarefree).
STATEMENT OF RESULTS
Clearly, for all FE F,, we have
where n is squarefree. It is obvious that Theorem 1 is equivalent to saying
Improving this, we prove THEOREM 2. For all t 2 0, we have
for non-negative integers k.
Regarding B(t), we prove THEOREM 3. For all t 3 0, we have 1
In particular, we have for positive integers k.
We, use Theorem 3 to extend Theorem 1 for rational numbers k 2 0. WP prove For a fixed positive integer k, consider a squarefree number n having a prime factor, p, greater than n kl(k + '), Consider the function G'(d) = kocd) which belongs to Gk. Clearly From this and our earlier statement B(k) d k/(k + 1) it follows that B(k) = k/(k + l), which completes the proof of Theorem 3.
PROOF OF THEOREM 4
Let G be an element of G, and let H(I) = l/(G(l)) for all squarefree I. Then HE F(,,,, (t > 0). Consider, From this, it easily follows that A( l/t) + B(t) = 1 for t>O.
To prove the second part of the theorem, it sufhces to consider k in (0, 11, by Theorems 2 and 3. We use induction on the denominator of k. The theorem is easily seen to be true for all rational numbers with denominator 1. Suppose the theorem is true for all rational numbers with denominator less than the denominator of k. Let [0, ur, . . . . a,] be the continued fraction expansion of k E (0, l] and [a,, . . . . a,] that of l/k. Now l/k has a lower denominator than k, and the result follows from the induction hypothesis and the fact
This proves the theorem. This improves Theorem 2 of [ 1 ] which gives a(t, n) > t/((t + 1) w(n)). However, in view of Theorem 4, we would expect bounds for a(?, n) and b(t, n) which are independent of w(n).
